We classify the admissible transformations in a class of variable coefficient Korteweg-de Vries equations. As a result, full description of the structure of the equivalence groupoid of the class is given. The class under study is partitioned into six disjoint normalized subclasses. The widest possible equivalence group for each subclass is found which appears to be generalized extended in five cases. Ways for improvement of transformational properties of the subclasses are proposed using gaugings of arbitrary elements and mapping between classes.
Introduction
It is widely known that there is no existing general theory for integration of nonlinear partial differential equations (PDEs), nevertheless many special cases have yielded to appropriate changes of variables (in particular, to similarity reductions). This places the transformation methods among the most powerful analytic tools currently available in the study of nonlinear PDEs [30] .
Many important for applications nonlinear PDEs are parameterized by arbitrary elements (constants or functions) and constitute classes of PDEs. The important task is to study transformational properties of such classes, i.e. to have explicit description of (point) transformations that link members of the class. If two differential equations are connected by a change of variables they are called similar equations [23] . Then exact solutions, local conservation laws, different kinds of symmetries and other related objects of such equations are also similar. If, e.g., an exact solution for one of two similar equations is known, then the corresponding exact solution of the other equation can be derived using the point transformation. Point transformations appear to be very useful tool, in particular, for finding exact solutions [29] , exhaustive solving of group classifications problems (see, e.g., [1, 20, 28] and reference therein), design of physical parameterization schemes [27] , study of integrability [4, 10, 15, 19, 32] .
The systematic study of transformational properties of classes of nonlinear PDEs was initiated in 1991 by Kingston and Sophocleous [16, 17, 30] . These authors later named the transformations related two particular equations in a class of PDEs form-preserving transformations [18] , because such transformations preserve the form of the equation in a class and change only its arbitrary elements. Only a year later in 1992 Gazeau and Winternitz started to investigate such transformations in classes of PDEs calling them allowed transformations [6, 33] . Rigorous definitions and developed theory on the subject was proposed later by Popovych [26, 28] . As formalization of notion of form-preserving (allowed) transformations the term admissible transformation was suggested therein. In brief, an admissible transformation is a triple consisting of two fixed equations from a class and a transformation that links these equations. The set of admissible transformations considered with the standard operation of composition of transformations is also called the equivalence groupoid. The necessary notions and concepts are presented in more detail in the next section.
Some recent studies on admissible transformations (equivalence groupoid) of physically interesting classes of PDEs, such as variable coefficient Burgers, Kawahara and Schrödinger equations, can be found in particular in [20, 21, 24, 25] .
Notably that one of the first classes whose transformational properties were investigated was the class of remarkable variable-coefficient Korteweg-de Vries equations
(
The classical Korteweg-de Vries equation and its generalizations model various physical systems, including classical water waves, gravity waves, plasma waves and waves in lattices [5, 7, 13, 14] .
There are a number of works, where equations from class (1) were investigated from various points of view. We mention only the works most related to our study. In papers [11, 15] the Painlevé analysis of equations (1) was performed. It was shown that such equations pass Painlevé test only if the coefficients f and g satisfy the conditions f x = g x = 0, and (g/f ) t /f = const. These conditions coincide with those of reducibility of variable coefficient equations (1) to the standard Korteweg-de Vries equation, which is foreseeable. Lie symmetries and allowed transformations of equations (1) were studied in [6, 9, 33] . We aim to present enhanced results on transformational properties of equations (1), which will be investigated with modern point of view. It was deduced correctly in [6, 33] that there are six different subclasses of class (1) which differ by their transformational properties. Nevertheless, there are several reasons to reconsider the problem of classification of admissible transformations in this class:
• The consideration in [6, 33] was restricted to fiber-preserving point transformations without a proof that transformations of such kind exhaust all possible admissible point transformations. We aim to show that not only point but even contact admissible transformations are exhausted by fiber-preserving ones.
• When six subclasses that differ by their transformational properties were derived in [6, 33] the arbitrary elements were gauged whenever possible from the very beginning. The admissible transformations were indicated for the simplified (gauged) forms of equations. Our strategy is firstly to consider the subclasses without simplification and only then the gauged ones.
• Only transformation components for independent and dependent variables were adduced in [6, 33] without rules for changing arbitrary elements. We formulate results in terms of equivalence groups of appropriate kinds (usual or generalized extended), where transformations for both independent and dependent variables t, x, u and arbitrary elements f , g are presented.
• Some admissible transformations were found in [6, 33] in an implicit form, namely they included functions that satisfy certain ordinary differential equations. We aim to present all the results in an explicit form.
The concept of normalized classes allows us to explain why subclasses with different transformational properties arise in the course of the investigation. In fact they are maximal normalized subclasses in the class under study. Therefore, all the consideration within the modern approach becomes complete and clear.
The structure of the paper is as follows. Firstly we recall the necessary definitions and notions on admissible transformations in classes of differential equations. In section 3 complete classification of admissible transformations in class (1) is performed. The structure of its equivalence groupoid is described exhaustively in terms of partitioning into six disjoint normalized subclasses. In section 4 we present the results on transformational properties of the gauged subclasses of class (1) . In section 5 we show how the method of mapping between classes proposed in [31] can be used to improve transformational properties of one of the derived subclasses. Using this method the group classification problem for this subclass is solved as an illustrative example. The results on admissible transformations are summarized in Conclusion.
Basic definitions
In this section we give basic definitions on admissible transformations in classes of differential equations, following the papers [26, 28] in general outlines.
Let a system of differential equations consists of l equations with independent variables x = (x 1 , . . . , x n ) and dependent variables u = (u 1 , . . . , u m ), which include also k arbitrary elements σ(x, u (p) ) = (σ 1 (x, u (p) ), . . . , σ k (x, u (p) )). Here the notation u (p) includes the tuple of dependent variables u = (u 1 , . . . , u m ) and all the derivatives of u with respect to x of order up to p. We denote such a system as L σ : L(x, u (p) , σ (q) (x, u (p) )) = 0. Let σ (q) denote the partial derivatives of the arbitrary elements σ of order not exceeding q for which both x and u (p) act as the independent variables. The tuple of arbitrary elements σ runs through the solution set of the system of auxiliary differential equations S(x, u (p) , σ (q ′ ) (x, u (p) )) = 0 and inequalities Σ(x, u (p) , σ (q ′ ) (x, u (p) )) = 0, in which again both x and u (p) act as independent variables. Components of the tuples S and Σ are smooth functions of x, u (p) and σ (q ′ ) .
Then the set {L σ | σ ∈ S} denoted by L| S is called a class of differential equations defined by parameterized systems L σ and the set S of arbitrary elements σ.
For the class of variable coefficient Korteweg-de Vries equations (1) there are two independent variables x = (t, x), n = 2, one dependent variable u, m = 1, and two arbitrary elements f and g, therefore k = 2 and σ = (f, g). The auxiliary system S = 0 and Σ = 0 consists of the equations f u = f ut = f ux = · · · = f uxxx = 0, the same system of equations for the function g, and the inequalities f = 0 and g = 0.
Now we recall the notion of admissible transformations and the equivalence groupoid adopting them to our case. Given equations L σ and Lσ singled out from the class L| S by fixing two values of the arbitrary elements σ,σ ∈ S, the set T (σ,σ) of point transformations that map the equation L σ to the equation Lσ is called the set of admissible point transformations from L σ to Lσ. In particular, the maximal point symmetry (pseudo)group G σ of the system L σ coincides, by definition, with the set T (σ, σ) of point transformations that leave the equation L σ invariant.
An ordered triplet (σ,σ, φ), where σ,σ ∈ S with T (σ,σ) = ∅ and φ ∈ T (σ,σ), is called an admissible transformation in the class L| S . Speaking the simpler way, an admissible transformation is a triplet consisting of a source equation, a target equation, and a point transformation connecting these two equations.
The set of admissible transformations of the class L| S considered with the operations of composition and taking the inverse has a structure of groupoid and therefore is called the equivalence groupoid G ∼ = G ∼ (L| S ) of the class [27] . Indeed, the partial binary operation of composition is naturally defined for pairs of admissible transformations for which the target equation of the first admissible transformation and the source equation of the second admissible transformation coincides, (σ,σ, φ) • (σ,σ,φ) = (σ,σ,φ • φ). Each admissible transformation is invertible, (σ,σ, φ) −1 = (σ, σ, φ −1 ), i.e., the inversion of admissible transformations is a unitary operation defined everywhere. Therefore, all the groupoid axioms are obviously satisfied for G ∼ [2] .
For a general class of differential equations, it is not possible to relate its equivalence groupoid with a group of point transformations that act in the extended space of (x, u (p) , σ), respect the contact structure on the space of (x, u (p) ) and preserve the class. But it's possible to single out a maximal part of the equivalence groupoid that meets such requirements, then the associated group is called the equivalence group G ∼ of the class.
Elements of G ∼ are called equivalence transformations of the class L| S . Each equivalence transformation Φ induces a family of admissible transformations parameterized by the arbitrary elements, {(σ, Φσ, Φ| (x,u) ) | σ ∈ S}.
There exist several kinds of equivalence groups depending on restrictions that are imposed on the transformations. The usual equivalence group of the class L| S consists of the nondegenerate point transformations in the space of variables and arbitrary elements, which preserve the whole class L| S and are projectable on the variable space, i.e., the transformation components corresponding to independent and dependent variables do not depend on arbitrary elements [23] .
For the class (1) the projectibilty condition means that the usual equivalence transformations have the form
In some cases, e.g., if the arbitrary elements σ do not depend on derivatives of u, we can neglect the condition that the transformation components for (t, x, u) of equivalence transformations do not involve σ, which gives the generalized equivalence group G ∼ gen = G ∼ gen (L| S ) of the class L| S [22, 26, 28] . Each element Φ of G ∼ gen is a point transformation in the (x, u, σ)-space such that for any σ from S its image Φσ also belongs to S, and Φ(·, ·, σ(·, ·))| (x,u) ∈ T (σ, Φσ).
Therefore, for class (1) the generalized equivalence transformations have the form
They are nontrivial if and only if at least one of the following inequalities holds,
If transformations from the equivalence group appear to depend on arbitrary elements of the class in a nonlocal way, then such an equivalence group is called extended one [12, 28] . Nevertheless, the transformations should at least be point with respect to the independent and the dependent variables while the arbitrary elements are fixed.
In the case when both the conditions of projectability and locality of equivalence transformations are simultaneously weaken, the notion of generalized extended equivalence group naturally appears.
The class L| S is called normalized in the usual (resp. generalized, resp. extended, resp. generalized extended) sense if the equivalence groupoid of this class is induced by transformations from its equivalence group of the corresponding type [26, 28] . The normalization property becomes crucial in particular for solving group classification problems via the algebraic method [1] [2] [3] .
Classification of admissible transformations
Though the study of transformational properties in classes of PDEs are more often restricted to point admissible transformations it is possible also to consider contact admissible transformations and the respective contact equivalence groupoid. It was shown in [32] that for the normalized class of evolution equations of the formL : u t = F (t, x, u, u x )u n +G(t, x, u, u 1 , . . . , u n−1 ) for n ≥ 3 its contact equivalence groupoid coincides with the respective point one, i.e., any contact admissible transformation between two equations from the classL is the first prolongation of a point transformation between these equations. Therefore, for subclass (1) of the classL it suffices to investigate only point admissible transformations.
It is well known that any point transformation T relating two fixed evolution equations in 1+1 dimensions has the formt = T (t),x = X(t, x, u),ũ = U (t, x, u) with
The partial derivatives involved in equations (1) are transformed as follows:
where
are operators of the total differentiation with respect to t and x. Here and below subscripts of functions indicate partial derivatives with respect to the corresponding variables. We substitute these expressions into the equationũt +f (t,x)ũũx +g(t,x)ũxxx = 0 and obtain an equation in terms of the untilded variables. In order to confine this equation to the manifold defined by (1) in the third-order jet space with the independent variables (t, x) and the dependent variable u we further substitute into it the expression u t = −f (t, x)uu x − g(t, x)u xxx . Splitting the obtained identity with respect to the derivatives of u leads to the determining equations on the functions T , X, and U . In particular, the coefficient of u xxx is (gT t − g(X x + X u u x ) 3 )(X x U u − X u U x ). Setting it to zero and taking into account the nondegeneracy condition T t (X x U u −X u U x ) = 0 we getgT t −g(X x +X u u x ) 3 = 0. Further splitting with respect to u x leads to the conditions X u = 0 andgT t = gX 3
x . Therefore, X = X(t, x) and it means that there are no other admissible transformations except fiber-preserving ones. This agrees with the results of papers [18, 32] , derived for more general classes of evolution equations.
The condition X u = 0 leads to essential simplification of the determining equations, thus we get additional constraints for the coefficients X and U : U uu = U xu = X xx = 0. Therefore, the transformation components for independent and dependent variables of admissible transformations have the form
where θ, α, β, ϕ and ψ are arbitrary smooth functions of their variables withθαϕ = 0. The formulas
establish the connection between values of arbitrary elements of the initial equation and the target equation. We denote by overdots ordinary derivatives with respect to the variable t. The classifying equations involving θ, α, β, ϕ and ψ and the arbitrary functions f and g are of the form
To deduce the equivalence group of class (1) equations (4)- (6) should be split with respect to arbitrary elements f and g. This results in the equationṡ α =β =φ = ψ = 0. Therefore, the following statement is true. Theorem 1. The class of equations (1) admits the usual equivalence group G ∼ consisting of the transformations:
where θ is an arbitrary function of t withθ = 0, δ j (j = 1, 2, 3) are arbitrary constants with δ 1 δ 3 = 0.
Class (1) is not normalized in any sense, there exist subclasses of this class singled out by setting restrictions on values of arbitrary elements f and g which possess wider equivalence groups than the group G ∼ . These subclasses and the corresponding maximal conditional equivalence groups [28, Definition 7] can be found investigating the system (4)-(6). Equation (4) results in ψ = 1 f ϕ α αx +β , then the equation (5) takes the form
There are only three possibilities for the nonvanishing function f (t, x) to satisfy this equation: I. f = f (t) = 0; II. f = p(t)e q(t)x , pq = 0, and III. f = p(t)(x + q(t)) r(t) , pr = 0. Further we consider each case separately.
I. f = f (t) = 0. We substitute this form of f into the equations (4)- (6). This results in the conditions ψ t = ψ xx = 0 and therefore ψ = c 1 x + c 2 , where c 1 and c 2 are arbitrary constants. Equation (6) becomes an identity, hence there is no restriction on the form of the function g and it remains arbitrary. Equations (4), (5) imply the system of equations for α, β an ϕ of the form: ϕ = −c 1 f, ϕα = c 1 f α, and ϕβ = c 2 f α. The general solution of this system and formulas (3) give the full description of admissible transformations of the subclass of class (1) with f x = 0. After redenotion of constants c 1 = −δ 3 , c 2 = −δ 2 δ 3 /δ 1 we get the following assertion.
Theorem 2. The generalized extended equivalence groupĜ ∼ 1 of the class
consists of the transformations
where θ is an arbitrary function of t withθ = 0, and δ j (j = 1, 2, 3, 4, 5) are arbitrary constants with δ 1 (δ 3 2 + δ 4 2 ) = 0.
The usual equivalence group of the class (7) coincides with the equivalence group G ∼ of its superclass (1).
II. f = p(t)e q(t)x , where pq = 0. In this case we have in fact reparametrization of the class, thus instead of arbitrary element f (t, x) there are two arbitrary elements p(t) and q(t). The equivalence relations for them are given byq = q α , andp = pα ϕθ exp(−qβ/α). Equations (4)- (6) lead to the conditions ψ =φ pq e −qx ,α = 0,β =φ α ϕq . The function g has the form g = s(t) −qx q 3 with the additional constraint s =φ ϕ −ṗ p −. The function g is also reparameterized now and the function s can be regarded as another arbitrary element. The admissible transformations in the deduced subclass are described by the following statement.
Theorem 3. The class of equations
admits the generalized extended equivalence groupĜ ∼ 2 consisting of the transformations
where θ is an arbitrary function of t withθ = 0,
Here δ j (j = 1, 2, 3, 4) are arbitrary constants, δ 1 (δ 3 2 + δ 4 2 ) = 0.
III. f = p(t)(x + q(t)) r(t) with pr = 0. In this case equation (5) We consider the cases r = ±1, r = 1 and r = −1 separately. The general solution of the determining equations gives in each of these three cases full description of admissible transformations in the corresponding subclass of class (1) . The results are collected in Theorems 4-6. We note that in the case r = −1 the nontrivial equivalence group which is wider than G ∼ exists only if the functions q(t) = c, where c is an arbitrary constant. In this case we use one more reparameterization introducing the new function k = 1/p, so f takes the form f = k(t)/(x + c).
Theorem 4. The generalized extended equivalence groupĜ ∼ 3 of the class
where θ is an arbitrary nonvanishing function of t,θ = 0,
Here δ j (j = 1, 2, 3, 4) are arbitrary constants with (δ 1 2 + δ 2 2 )δ 3 = 0.
Remark 1. If r = 0, ±1 is a constant, then the coefficient α can be simplified as follows
Theorem 5. The class of equations of the form
admits the generalized extended equivalence groupĜ ∼ 4 consisting of the transformations:
Here δ j (j = 1, 2, 3, 4) are arbitrary constants, δ 1 δ 3 = 0.
Theorem 6. The generalized equivalence groupĜ ∼ 5 of the class of equations
comprises the transformations:
, and L 5 are normalized in the generalized extended sense, their equivalence groupoids are induced by transformations from the corresponding generalized extended equivalence groupsĜ ∼ i , i = 1, . . . , 5.
Theorem 8. The subclass L 0 , singled out from class (1) by the condition f x f = c(t) a(t)x + b(t) with a 2 + b 2 = 0, is normalized in the usual sense, its equivalence groupoid is induced by transformations from the usual equivalence group G ∼ of the whole class (1).
There are no point transformations between any two equations from different subclasses L i , i = 0, . . . , 5, of the class (1).
Equivalence groups of the gauged subclasses
Using equivalence transformations we can perform the gauging of the arbitrary elements depending on t in each subclass L 1 , . . . , L 5 of class (1) and therefore, to reduce the number of their arbitrary elements. We consider each subclass separately. L 1 . The equivalence transformations witht = f (t)dt,x = x, andũ = u, which belong the groupĜ ∼ 1 , reduces each equation from class (7) to the equation from the same class withf = 1. Therefore, without loss of generality the gauged subclasš
can be investigated instead of L 1 . As L 1 is normalized it is easy to deduce the equivalence group of its subclassĽ 1 . We simply putf = 1 and f = 1 in transformations from the groupĜ ∼ 1 and get the equation on θ,θ = δ 1 /(δ 3 t + δ 4 ) 2 . In order to write the obtained transformations in the unified form, which include both cases δ 3 = 0 and δ 3 = 0, we redenote the constants involved in transformations and get the following assertion (the corollary of Theorem 2). Corollary 1. The generalized extended equivalence group of the classĽ 1 is trivial. It coincides with the usual equivalence group of this class, which is comprised of transformations
α, β, γ, δ, κ, µ 1 , µ 0 are constants defined up to a nonzero multiplier, κ(αδ − βγ) = 0, and without loss of generality we can assume that αδ − βγ = ±1.
This group is in fact coincides with the equivalence group of subclass of classĽ 1 , singled out by the condition g x = 0, which was derived in [29] .
, and L 4 , is reducible to an equation from the respective class withp = 1 by the equivalence transformation witht = p(t) dt,x = x, and u = u. The equivalence groups of the gauged classes directly follow from Theorems 3-5 if we putp = 1 and p = 1 in the transformations therein. The respective Corollaries 2-4 are adduced in the following assertions.
Corollary 2. The generalized extended equivalence group of the clasš
where δ j (j = 0, 1, 2, 3, 4) are arbitrary constants, δ 1 (δ 3 2 + δ 4 2 ) = 0,
Corollary 3. The generalized extended equivalence group of the clasš
Corollary 4. The generalized extended equivalence group of the clasš
is formed by of the transformations
where δ j (j = 0, 1, 2, 3, 4) are arbitrary constants, δ 1 δ 3 = 0.
In the case of subclass L 5 of class (1) two arbitrary elements can be gauged, namely the function k(t) can be set to one, and the constant c to zero. This gauge is realized by the equivalence transformation witht = k(t) dt,x = x + c, andũ = u. The equivalence group of the gauged clasš
is presented in the following statement.
Corollary 5. The generalized extended equivalence group of the classĽ 5 is trivial. It coincides with the usual equivalence group of the class comprised of the transformations
where α, β, γ, and δ are constants defined up to a nonzero multiplier with αδ − βγ = 0, and without loss of generality we can assume that αδ − βγ = ±1.
All the gauged subclasses remain normalized, their equivalence groupoids are generated by the respective equivalence groups presented in Corollaries 1-5. The following statement is true. This theorem implies that the transformational properties of classesĽ 1 andĽ 5 are nicer than such properties of their superclasses L 1 and L 5 . These classes are quite convenient already to investigate them with Lie symmetry or other points of view. The classesĽ 2 ,Ľ 3 , andĽ 4 are still normalized only in the generalized extended sense, therefore, the links between equations in each of them are quite complicated and this courses difficulties in their investigation. In the next section we propose a way of improvement of the transformational properties of the classĽ 4 .
Possible improvement of transformational properties via mappings between classes
Classes of differential equations that possess generalized extended equivalence groups are more complicated for investigation than those whose equivalence groups are usual ones. To deal with such classes the method based on mappings between classes was proposed in [31] . This method appears to be very efficient, in particular, for solving the group classification problems. We will illustrate the method using the example of the classĽ 4 . This class can be mapped to the related class of KdV-like equations
by the family of point transformation
parameterized by the arbitrary element q of the class. The element h in the imaged class is connected with the arbitrary element q in the initial class via the formula h(t) =q(t). Therefore, the case q = const corresponds to the case h = 0. In contrast to the classĽ 4 that is normalized in the generalized extended sense, class (12) is normalized in the usual sense. The equivalence groupoid of class (12) is induced by the transformations from its usual equivalence group G ∼ 4 :
where δ j (j = 1, 2, 3, 4) are arbitrary constants, δ 1 δ 3 = 0. The group classification of class (13) can be performed using the standard method [23] based on integration of the determining equations up to the G ∼ 4 -equivalence. The results of the group classification of equations (13) with h = 0 (resp. h = 0) are presented in Table 1 (resp. Table 2 ). Table 1 . The group classification of the class u t + xuu x + h(t)u x + g(t, x)u xxx = 0, hg = 0.
no. Equation Constraints
Basis of A
Here ε = ±1 mod G 
u t + xuu x + x 3 u xxx = 0 ∂ t , x∂ x , tx∂ x + ∂ u 7 u t + xuu x + λ x 3 t u xxx = 0 x∂ x , t∂ t − u∂ u , tx∂ x + ∂ u
Here ε = ±1 mod G The group classification of equations (11) with q = const can be recovered from the classification results obtained for equations (12) with h = 0 by using the transformation (13) . The results are presented in Table 3 . Table 3 . The group classification of the class u t + (x + q(t))uu x + g(t, x)u xxx = 0,qg = 0. The group classification list for equations (11) with q = const coincides with such a list for equations (12) with h = 0 and, therefore, it is presented by the list given in Table 2 .
Note that in [8] the group classification for more general class of KdV-like equations that includes classes (11), (12) was carried out. However those results obtained up to very wide equivalence group seem to be inconvenient to derive group classifications for classes (11) and (12).
Conclusion
We have presented an exhaustive study of admissible point transformations in the class of variable coefficient Korteweg-de Vries equations (1), it has been proved that all such transformations are fiber-preserving ones.
As any contact admissible transformation between two equations from class (1) is the first prolongation of a point transformation between these equations [32] , the knowledge of the point equivalence groupoid provides us with the exhaustive description of the contact equivalence groupoid of the class. Therefore, admissible contact transformations in class (1) need no separate study.
We have shown that class (1) is not normalized. Its equivalence groupoid has a complicated structure, namely, class (1) can be partitioned into the six disjoint normalized subclasses:
• the subclass L 0 , singled out by the condition f x f = c(t) a(t)x + b(t) with a 2 + b 2 = 0, which is normalized in the usual sense, the set of its admissible transformations is generated by point transformations from the usual equivalence group G ∼ of the entire class (1);
• the subclasses L i , i = 1, . . . , 5, which are normalized in the generalized extended sense, the sets of their admissible transformations are generated by transformations from the corresponding generalized extended groupsĜ ∼ i presented in Theorems 2-6.
